INTRODUCTION
============

Tabletop extreme ultraviolet (EUV) and soft x-ray radiation from the high-harmonic generation (HHG) process are unique light sources for uncovering new fundamental understanding of dynamics in atoms ([@R1], [@R2]), molecules ([@R3]), and materials ([@R4], [@R5]). However, until very recently, most experiments used linearly polarized harmonics that can easily be produced using single-color driving lasers. In this case, HHG emerges when an electron that is ionized by a laser field is driven back and recombines with its parent ion ([@R6], [@R7]). When implemented in a phase-matched geometry, the dipole emission from each atom interferes constructively to generate a bright HHG beam ([@R8]). However, until recently, it was not possible to generate bright, circularly polarized HHG for probing magnetic materials ([@R9]) or chiral molecules ([@R10]). This is because although atoms still undergo strong-field ionization in circularly polarized fields, the probability of an electron recombining with its parent ion to emit an HHG photon is greatly suppressed ([@R6], [@R11], [@R12]).

Fortunately, high-brightness circularly polarized harmonics can now be produced in the EUV and soft x-ray regions by driving HHG with bichromatic circularly polarized counter-rotating fields ([@R13]--[@R21]). In this scheme, a unique HHG spectrum is generated, consisting of pairs of peaks, each with opposite circular polarization. Theory predicts that for counter-rotating ω and 2ω laser fields, the circular harmonics are generated as a superposition of three bursts of linearly polarized EUV light per optical cycle in the time domain, where the polarization of each burst is rotated by 120° from its predecessor ([@R17], [@R19]). Experimentally, the electron trajectories have been shown to predominantly move in a two-dimensional (2D) plane ([@R17], [@R22]). However, to date, no direct measurement of the temporal characteristics of circularly polarized HHG exists that could be used to inform and validate advanced theory and to harness the enormous potential of extreme nonlinear optics to generate arbitrary spectral, temporal, and polarization-shaped light fields spanning the EUV and soft x-ray regions. This is due to the novelty of high-brightness circularly polarized HHG, their complex temporal structure, and the fact that conventional methods ([@R23]--[@R28]) for pulse characterization are not directly applicable. Moreover, it was recently proposed that, by using crossed beams of circularly polarized lasers or taking into account the orbital angular momentum of the initial state, either isolated circularly polarized single attosecond pulses ([@R29], [@R30]) or highly elliptical attosecond pulse trains ([@R31], [@R32]) could be produced. Therefore, the ability to directly characterize the temporal structure of circularly polarized harmonics would benefit a whole new area of polarization-shaped x-ray attosecond science.

Here, by using laser-dressed angle-resolved photoemission from solids, we extend attosecond metrology techniques to circular polarization. By simultaneously irradiating a copper surface with circularly polarized HHG and linearly polarized infrared (IR) laser fields, the resulting modulation of photoelectron spectra caused by quantum-path interference carries essential phase information about the EUV field. Utilizing the strong polarization selectivity in photoemission from solid surfaces, as well as the ability to rotate the circularly polarized EUV field in space, we retrieve the full waveform of circularly polarized high-harmonic fields. This represents the first direct measurement of circularly polarized HHG in the time domain, enabling us to fully characterize one of the most complex coherent light fields to date, where the spectral, temporal, and polarization states are rapidly changing on attosecond time scales.

RESULTS
=======

In our experiments shown in [Fig. 1A](#F1){ref-type="fig"}, bright circularly polarized harmonics were generated by mixing a near-IR field (ω, 780 nm) with its second harmonic (2ω, 390 nm) in a 1-cm-long waveguide filled with argon gas at a pressure of 30 torr ([@R14]). The helicities of the driving fields were adjusted to be right and left circularly polarized for ω and 2ω, respectively, by using combinations of λ/2 and λ/4 waveplates in each arm. The relative time delay between the two beams (τ~RB~) was controlled using a piezo stage with sub-femtosecond scanning precision (see the Supplementary Materials for a detailed experimental setup). The spectrum of circular harmonics consists of three pairs of harmonic orders \[(13ω, 14ω), (16ω, 17ω), and (19ω, 20ω) in [Fig. 1B](#F1){ref-type="fig"}\], each with right and left helicity, which is a consequence of photon energy and spin angular momentum conservation rules ([@R13], [@R14]). Consistent with experiment and theory ([@R13], [@R14]), the intensities of the 3*m*th orders (15ω and 18ω) are strongly suppressed because they do not conserve parity and spin angular momentum in the case of perfectly circularly polarized driving lasers. However, they are not completely suppressed because a slight ellipticity was introduced into the 2ω driving field to serve the characterization purposes.

![Characterizing circularly polarized HHG fields using a laser-dressed angle-resolved photoelectron spectrometer.\
(**A**) Counter-rotating ω \[780 nm, right circularly polarized (RCP)\] and 2ω \[390 nm, left circularly polarized (LCP)\] beams from a Ti/Sapphire laser are focused into an Ar-filled hollow waveguide. The generated circular HHG and a time-delayed linearly polarized 780-nm dressing field are focused onto a clean Cu(111) surface. Here, a specific geometry is plotted for illustration, where the *ŷ*-pol component of circular HHG field is aligned with the normal direction of sample ($\hat{\mathit{n}}$). In experiments, the orientation of the circular HHG field can be rotated by adjusting the temporal delay between the ω and 2ω driving fields τ~RB~. (**B**) Circularly polarized HHG spectrum recorded by an EUV spectrometer. The 13th and 16th harmonic orders are RCP, and the 14th and 17th orders are LCP. a.u., arbitrary unit. (**C**) Angle-resolved photoelectron spectrometer (ARPES) spectrum of Cu(111) excited by the circularly polarized HHG. The spectrum with momentum span $\overline{\Gamma\text{M}}$ is recorded by a hemispherical electron analyzer. The analyzer work function is 4.2 eV and correlates the photoelectron energy with photon energy. The direct photoemission pathways from Cu *d* band excited by the corresponding harmonic orders are labeled in the lower panel. *k*, momentum; *E~f~*, Fermi level.](1501333-F1){#F1}

Full characterization of the amplitude and phase of linearly polarized HHG fields has been demonstrated using many approaches based on an electron phase modulator ([@R28]), including atto-streaking ([@R25]), RABBITT (resolution of attosecond beating by interference of two-photon transitions) ([@R24], [@R33]), CRAB (complete reconstruction of attosecond bursts) ([@R26]), and PROOF (phase retrieval by omega oscillation filtering), which was successfully used to retrieve the phases associated with isolated attosecond pulses, necessarily with an ultrabroad spectrum ([@R27]). In these measurement schemes, the harmonic phases are imprinted as modulations on the photoelectron energy-momentum spectrum in the presence of a dressing (or streaking) IR laser field ([@R28]).

In our work, photoelectrons were ejected from an atomically clean Cu(111) surface by the circularly polarized harmonics while being simultaneously dressed by a linearly polarized IR field (780 nm, ћω~L~ = 1.6 eV). The interference between different quantum pathways ([Figs. 1C](#F1){ref-type="fig"} and [2B](#F2){ref-type="fig"}) induces a modulation of the photoelectron yield, which was recorded as a function of temporal delay (τ~d~) between the HHG and IR dressing fields using a hemispherical electron analyzer. Because of a marked difference in the photoemission cross section of the Cu(111) surface for s- and p-polarized EUV light (see the Supplementary Materials), photoelectrons ejected by an s-polarized field dominate the signal, that is, HHG polarization parallel to the sample surface. This eliminates not only ambiguities resulting from the entanglement of harmonic phases from two orthogonal polarizations ($\hat{\mathit{x}}$ and *ŷ* shown in [Fig. 1A](#F1){ref-type="fig"}) in the electron interferogram but also the use of EUV multilayer polarizers, which have very low efficiency and narrow bandwidth in this photon energy range. Moreover, a major advantage of our scheme is that a simple rotation of the HHG field (achieved by varying the delay between the ω and 2ω driving fields) allows us to record the perpendicular component of the HHG polarization.

![Photoelectron interferogram as a function of time delay between the circular HHG and linear IR field.\
(**A**) Two-dimensional map of photoelectron yields as a function of photoelectron energy and pump-probe time delay. The selected lineouts on the right panel represent the photoelectron-intensity modulation at the photoelectron energies corresponding to direct photoemission from the Cu(111) *d* band excited by labeled HHG orders. (**B**) Schematic of the quantum paths that give rise to photoelectron interferences. (**C**) Fourier analysis of the photoelectron yield oscillations at energies corresponding to direct photoemission by 14ω and 15ω. The green area marks the frequency mask used to extract the phases of the ω~L~ oscillations in (A).](1501333-F2){#F2}

The $\hat{\mathit{x}}$ polarization ($\hat{\mathit{x}}$-pol) of the circular harmonics was first aligned parallel to the sample surface. The temporal interferogram of photoelectrons, for τ~d~ in the range of −5 to 5 fs, is plotted in [Fig. 2A](#F2){ref-type="fig"}. These data were obtained by integrating the photoelectron spectra over the entire momentum range and subtracting the background photoelectron spectrum obtained well before time zero. To eliminate photoelectrons originating from different states in the material ([@R2], [@R5]), the angle-resolved spectra were filtered before integration, so that photoelectrons only from the Cu *d* band contributed to the interferogram, which have an almost constant photoemission cross section in the energy range of our experiments ([@R34]) (see the Supplementary Materials).

As can be seen in [Fig. 2A](#F2){ref-type="fig"}, the photoelectron yields as a function of τ~d~ oscillate with a frequency of ω~L~ (periodicity of 2.6 fs), which can be understood through quantum-path interferences ([Fig. 2B](#F2){ref-type="fig"}). Because the energy spacing between consecutive circularly polarized harmonics is ћω~L~ ([Fig. 1B](#F1){ref-type="fig"}), there are three distinct quantum pathways for exciting electrons from a given initial state to the same final state: (i) absorbing an HHG and an IR photon (ћω~*n*\ −\ 1~ + ћω~L~), (ii) direct photoemission by a single HHG photon (ћω~*n*~), and (iii) absorbing an HHG photon and emitting an IR photon (ћω~*n*\ −\ 1~ − ћω~L~). The photoelectron yield oscillates with frequency ω~L~ because of one-IR-photon--assisted interference between quantum paths (i) and (ii), and (ii) and (iii). This cross section is much larger than that of two-IR-photon--assisted interferences between (i) and (iii), which causes oscillations with frequency 2ω~L~, as used in RABBITT characterizations ([@R24]) (see the Supplementary Materials). This conclusion is also supported by a Fourier analysis of the photoelectron yield oscillations ([Fig. 2C](#F2){ref-type="fig"}), where the amplitude of the 2ω~L~ component is very weak for the 15th order and almost completely absent for the 14th order.

The phases of the harmonics are encoded in the ω~L~ oscillations of the photoelectron yield interferogram. At the electron kinetic energy corresponding to direct photoemission by the *n*th-order harmonics (ћω~*n*~), the oscillating spectral intensity as a function of τ~d~ can be written in the general form$$\mathit{S}_{\mathit{n}}(\tau_{\text{d}}) = \kappa(\omega_{\mathit{n}})\text{sin}\lbrack\omega_{\text{L}}\tau_{\text{d}} + \alpha(\omega_{\mathit{n}})\rbrack$$where κ(ω~*n*~) is the energy-dependent oscillation amplitude and α(ω~*n*~) is the phase spectrum of the interferogram, which is related to the phase spectrum of HHG φ(ω~*n*~) by$$\text{tan}\lbrack\alpha(\omega_{\mathit{n}})\rbrack = \frac{\sqrt{\mathit{I}_{0}(\omega_{\mathit{n} + 1})}\text{sin}\lbrack\varphi(\omega_{\mathit{n}}) - \varphi(\omega_{\mathit{n} + 1})\rbrack - \sqrt{\mathit{I}_{0}(\omega_{\mathit{n} - 1})}\text{sin}\lbrack\varphi(\omega_{\mathit{n} - 1}) - \varphi(\omega_{\mathit{n}})\rbrack}{\sqrt{\mathit{I}_{0}(\omega_{\mathit{n} + 1})}\text{cos}\lbrack\varphi(\omega_{\mathit{n}}) - \varphi(\omega_{\mathit{n} + 1})\rbrack - \sqrt{\mathit{I}_{0}(\omega_{\mathit{n} - 1})}\text{cos}\lbrack\varphi(\omega_{\mathit{n} - 1}) - \varphi(\omega_{\mathit{n}})\rbrack}$$*I*~0~(ω~*n*~) is the power spectrum (see the Supplementary Materials for detailed derivations). [Equation 1](#E1){ref-type="disp-formula"} bridges the interferogram phase \[α(ω~*n*~)\] and the phase differences of corresponding neighboring harmonics \[φ(ω~*n*~) − φ(ω~*n*+1~)\] and \[φ(ω~*n*−1~) − φ(ω~*n*~)\], allowing us to retrieve the harmonic phases from the interferogram in an iterative way. Here, the full interferogram phase spectra were fed into a genetic algorithm to retrieve the harmonic phases by minimizing the ranking function$$\mathit{R} = \sqrt{\sum\limits_{\omega_{\mathit{n}}}\mathit{I}(\omega_{\mathit{n}}){\lbrack\alpha^{\text{calc}}(\omega_{\mathit{n}}) - \alpha^{\text{expt}}(\omega_{\mathit{n}})\rbrack}^{2}}$$(see the Supplementary Materials), where α^calc^(ω~*n*~) and α^expt^(ω~*n*~) are the interferogram phases obtained from the retrieval algorithm and the experiment, respectively.

Using the same procedure, we characterized the perpendicular polarization component (*ŷ*-pol) by aligning it parallel to the sample surface. This was achieved by delaying the circularly polarized ω driving field by three-eighths of its wavelength (292 nm) relative to the counter-rotating 2ω field. As a result, the orientation of the combined driving field (with threefold symmetry) ([@R22]), and hence the circularly polarized HHG field, is rotated by 90°. Although this rotation has a negligible influence on the HHG spectrum and flux, it has a significant impact on the photoelectron interferogram and the corresponding harmonic phases, allowing us to reconstruct the temporal profile of the *ŷ*-pol HHG field (see the Supplementary Materials). Our approach therefore extends the RABBITT ([@R24]) and PROOF ([@R27]) characterization approaches to be able to extract the 3D temporal-polarization structure of an arbitrary polarized attosecond pulse train. The retrieved phases of the $\hat{\mathit{x}}$ and *ŷ* components of HHG fields are listed in [Table 1](#T1){ref-type="table"}.

###### Phases of circular harmonics along $\hat{\mathbf{x}}$- and *ŷ*-pol (see [Fig. 1](#F1){ref-type="fig"}A), obtained using a phase retrieval algorithm.

The uncertainty is determined as the SD of phase values retrieved from multiple trials (see the Supplementary Materials).

                       **Phases of the harmonics (rad)**                                                              
  -------------------- ----------------------------------- ------------- -------------- -------------- -------------- --------------
  **Polarization**     13th                                14th          15th           16th           17th           18th
  $\hat{\mathit{x}}$   0.0                                 0.57 ± 0.29   0.23 ± 0.58    0.97 ± 0.30    −0.19 ± 0.30   −1.87 ± 0.65
  *ŷ*                  −1.65 ± 0.58                        1.88 ± 0.44   −2.32 ± 0.91   −0.37 ± 0.56   2.31 ± 0.50    0.42 ± 0.48

With the knowledge of both the amplitude and phase, the temporal structure of the circularly polarized harmonics can be uniquely determined. The 3D electric field of the experimentally reconstructed circular HHG pulse train is plotted in [Fig. 3](#F3){ref-type="fig"}. Three linearly polarized bursts of the EUV fields with different orientations can be clearly distinguished in each IR optical cycle (2.6 fs), in agreement with the pulse train structure generated by our numerical simulations ([@R35]) (see the Supplementary Materials for a comparison of the experimental and theoretical *E*~*x*~ and *E*~*y*~ components). A typical duration of the EUV bursts is \~600 as. As shown in [Fig. 4A](#F4){ref-type="fig"}, the field orientation of the EUV bursts rotates approximately 120° from one burst to the next, which is a consequence of the threefold symmetry of the combined driving field, directly validating previous theory ([@R17]).

![Experimental reconstruction of the circular HHG pulse train.\
Three-dimensional field plot of the experimentally reconstructed pulse train of circular HHG, in direct comparison with our numerical simulation. The pulse train from theory is offset by −3 units along the *E*~*x*~ axis for illustration. Different colors (red, blue, and green) highlight the three linear bursts with different field orientations within each fundamental IR optical cycle (2.6 fs). The structure of three bursts and an IR optical cycle are also labeled on the *ŷ* projection of the electric field. The carrier field of the experimental pulse train is reconstructed by assuming the phase of the $\hat{\mathit{x}}$ component of the 13th harmonic to be zero.](1501333-F3){#F3}

![Field orientation and ellipticity of circular HHG from Ar.\
(**A**) Field orientation and intensity profile of the experimentally reconstructed circular HHG pulse train. The orientation of each EUV burst, Φ, is defined as the angle of the electric field relative to the $\hat{\mathit{x}}$ axis, as shown in the inset of (A). Φ is extracted by averaging the field orientation throughout each burst (see the Supplementary Materials). (**B**) Overall field intensity profile of the pulse train between −15 and 15 fs. The three-burst structure per IR optical cycle (2.6 fs) can be distinguished throughout the entire pulse train. The red curve represents the envelope of the pulse train with a full width at half maximum of \~8 fs. A zoom-in view between −3 and 3 fs is presented in (A). (**C**) Experimentally measured and theoretically calculated ellipticity of circular HHG from Ar (see the Supplementary Materials for the formula). The open blue diamonds are the simulation results with ε~1~ = 1.0 and ε~2~ = 0.92, where ε~1~ and ε~2~ are the ellipticities of 780- and 390-nm driving fields, respectively. The green dashed lines represent the results considering spin angular momentum conservation under a perturbative model by Fleischer *et al*. ([@R13]) and Pisanty *et al*. ([@R37]) (see the Supplementary Materials). The HHG spectrum obtained from the experiment is plotted in the lower panel.](1501333-F4){#F4}

From [Eq. 1](#E1){ref-type="disp-formula"}, we note that contributions from quantum pathways involving the suppressed 3*m*th-order harmonics are essential for retrieving the harmonic phases because they allow us to bridge the neighboring pairs of strong harmonics that are separated by 2ω~L~. The appearance of 3*m*th-order harmonics is a direct consequence of a slight ellipticity in the driving laser fields, which was intentionally introduced into the 2ω driving beam. By comparing the measured normalized spectral intensity of the 3*m*th-order harmonics ($\frac{2\mathit{I}_{3\mathit{m}}}{\mathit{I}_{3\mathit{m} - 1} + \mathit{I}_{3\mathit{m} + 1}}$) with our numerical simulation, we determine the ellipticity of the 2ω field to be 0.92 ± 0.04 (see the Supplementary Materials). Previously, the ellipticity of circular HHG from Ne was characterized using x-ray magnetic circular dichroism ([@R14]). Using our novel approach to access the harmonic amplitudes, phases, and polarization direction, we can analyze the chiral properties of HHG in any spectral region, even when the photon energy does not overlap a characteristic absorption edge of a magnetic material.

DISCUSSION
==========

The ellipticity ε~X~ of the circular harmonics is plotted in [Fig. 4C](#F4){ref-type="fig"} and is also directly compared with our numerical simulations. We find that the 3*m* + 1th and 3*m* − 1th orders are mostly circularly polarized, whereas the 3*m*th (that is, 15th) orders are strongly elliptical, consistent with previous studies and theory ([@R13], [@R14]). A reduction in the degree of HHG circularity can be observed in the cutoff region for 3*m* + 1th and 3*m* − 1th orders, which is also quantitatively confirmed by our numerical simulations. We note that this behavior is not predicted by perturbative models ([@R13], [@R36], [@R37]). For linear HHG, it is known that the high-energy harmonics in the cutoff region are generated in a narrow temporal window, within one or two optical cycles at the peak of the driving laser pulse ([@R38], [@R39]). For the same reason, we believe that the large deviation from circularity in the cutoff region ([Fig. 4C](#F4){ref-type="fig"}) can be attributed to the unequal intensity contributions from the linear EUV bursts and the breaking of the threefold symmetry, due to the narrow temporal emission window and slight ellipticity in the driving fields.

In summary, we completely characterize the temporal, spectral, and polarization states of circularly polarized harmonics generated by counter-rotating bichromatic driving fields. Using this novel generation scheme, we demonstrate that the circular harmonics consist of a superposition of three linear EUV bursts with alternating polarization directions, repeating each optical cycle, which validates theory in the time domain ([@R17]). We note that, although some ellipticity has been intentionally introduced in the driving laser field to induce weak 3*m*th-order harmonics, which is necessary to bridge neighboring harmonic pairs in our current phase retrieval algorithm, this limitation can be removed by implementing a more complicated algorithm such as FROG (frequency-resolved optical gating)--CRAB ([@R26]). With this implementation, our approach can be applied to fully characterize the properties of both attosecond pulse trains and broadband isolated attosecond pulses from arbitrary HHG fields and is essential for investigations of coherent attosecond chiral and magnetic dynamics ([@R40]), where knowledge of the full temporal structure of the EUV field is important.

MATERIALS AND METHODS
=====================

Optical setup
-------------

The circularly polarized high-order harmonics are generated by propagating an IR beam and its second harmonic into a hollow waveguide filled with Ar gas. The fundamental IR pulses (780 nm) are derived from a multipass Ti/Sapphire laser system (Dragon, KMLabs), with pulse energy of 2.4 mJ at a repetition rate of 4 kHz. The second harmonic beam with pulse energy of 0.7 mJ is produced by passing the fundamental laser through a 200-μm-thick β-phase barium borate crystal, which then copropagates with the residual IR pulse (1.2 mJ). Both laser beams are focused into a 1-cm-long capillary waveguide with 150-μm inner diameter filled by Ar gas at a pressure of 30 torr. The intensity of the dressing laser field is estimated to be 2.8 × 10^11^ W/cm^2^.

Sample preparation
------------------

An atomically clean Cu(111) surface is obtained by repeatedly sputtering the sample surface at room temperature with argon ions of 0.7 keV at an incidence angle of ±60°, followed by annealing to 820 K for 10 min. The sample preparation and measurements are all done in an ultrahigh vacuum chamber with a base pressure of \<5 × 10^−10^ torr. The sample surface quality is confirmed by monitoring the low-energy electron diffraction patterns and the Shockley surface state in the photoemission spectra.

Data analysis
-------------

The original photoemission spectra were first masked to eliminate the contribution of *sp* band and surface states from the Cu(111) surface, leaving us with the dominant contributions from the *d* band with a nearly constant photoemission cross section within the energy range of our experiments ([@R34]). We integrate the spectra over the entire measured momentum region and plot the energy-distribution curve as a function of the temporal delay between the circular harmonics and the dressing IR field, which gives us the interferogram as shown in [Fig. 2A](#F2){ref-type="fig"}. The interferogram phase is retrieved by cross-correlation Fourier analysis ([@R41]) (see the Supplementary Materials for details).

Phase retrieval
---------------

The derivation of [Eq. 1](#E1){ref-type="disp-formula"} follows the strong-field approximation (SFA) in recent research ([@R26], [@R27], [@R33], [@R42], [@R43]). To retrieve the phases of circularly polarized harmonics, we used a genetic algorithm ([@R44]) to search for the correct harmonic phases by minimizing the difference between the calculated and measured interferogram phases. In the genetic algorithm, reproduction is carried out using roulette wheel selection. Cloning, mutation, and crossover operations are used to increase the diversity of population and to prevent stagnation.

Numerical simulation of circular harmonic generation
----------------------------------------------------

Circular harmonic generation is computed in the dipole approximation using the SFA method, without resorting to the saddle point approximation ([@R35]). Coulomb corrections are introduced using the corresponding prefactor ([@R45]). The argon wave functions are described as superpositions of Slater-type orbitals resulting from the Roothaan-Hartree-Fock method ([@R46]). We take into account the electrons in the three valence orbitals, adding their contributions to the HHG spectrum coherently.

The driving field is described as a superposition of two counter-rotating elliptically polarized laser pulses in the form of$$\mathit{E}(\mathit{t}) = \left. \sum{}_{\mathit{i} = 1,2} \right.\frac{\mathit{A}_{\mathit{i}}(\mathit{t})\mathit{E}_{\mathit{i}}}{\sqrt{1 + \varepsilon_{\mathit{i}}^{2}}}\left\lbrack \text{cos}(\omega_{\mathit{i}}\mathit{t})\hat{\mathit{x}} + \varepsilon_{\mathit{i}}~\text{sin}(\omega_{\mathit{i}}\mathit{t})\mathit{ŷ} \right\rbrack$$where ε~*i*~ is the driving laser ellipticity. The driver frequencies correspond to laser wavelengths of λ~1~ = 0.78 μm and λ~2~ = 0.39 μm, respectively. The temporal envelope *A*~*i*~(*t*) has a trapezoidal shape with three cycles of linear turn-on, six cycles of constant amplitude (16 fs), and three cycles of linear turnoff (in terms of cycles of λ~1~). The electric field amplitudes (*E*~*i*~) have associated intensities of *I*~1~ = 7.6 × 10^13^ W/cm^2^ and *I*~2~ = 3.8 × 10^13^ W/cm^2^, which preserve the ratio between two driving fields (\~2:1) used in our experiments. The field intensities are adjusted to match the cutoff energy observed in the experiments.

Statistical analysis
--------------------

In the experiments, we measure the interferogram by repeating the pump-probe delay cycle more than 50 times, which gives a consistent interferogram phase spectrum with an SD of \~0.02 rad. The errors in [Fig. 4](#F4){ref-type="fig"} and [Table 1](#T1){ref-type="table"} are mainly contributed by the generic algorithm in the phase retrieval process. The robustness of the phase retrieval algorithm is confirmed by performing the retrieval process more than 50 times to guarantee a consistent output for the phase spectra of circular harmonics. The errors of harmonic phases and the corresponding ellipticities are dominantly contributed by the SD in the results of phase retrieval. To properly account for these errors of harmonic phases in the reconstructed pulse train, the reconstruction is repeated 100 times and a random number generator is applied to vary the harmonic phases within the error bar range, which results in a consistent pulse train structure as shown in [Fig. 3](#F3){ref-type="fig"}, with some variation in the field orientation and intensity. The deviation of the field orientation is indicated in the error bars for [Fig. 4A](#F4){ref-type="fig"}.
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